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ABSTRACT 

By integrating the Seiberg-Witten differential equation in a special path, we write ordinary 
gauge fields in terms of their non- commutative counterparts up to three non-commutative 
gauge fields. We then use this change of variables to write ordinary abelian Dirac-Born- 
Infeld action in terms of non-commutative fields. The resulting action is then compared 
with various low energy contact terms of world-sheet perturbative string scattering ampli- 
tudes from non-commutative Dp-brane. We find completely agreement between the field 
theory and string theory results. Hence, it shows that perturbative string theory knows 
the solution of the Seiberg-Witten differential equation. 
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1 Introduction 



Recent years have seem dramatic progress in the understanding of non-perturbative aspects 
of string theory With these studies has come the reahzation that extended objects, other 
than just strings, play an essential role. An important tool in these investigations has been 
Dirichlet branes]^]. D-branes are non-perturbative states on which open string can live, 
and to which various closed strings including Ramond-Ramond states can couple. 

Another interesting aspect of D-branes is that in the presence of background flux the 
world- volume of D-brane becomes non-commutative |P, ^, |^. Hence, at low energy the 
D-brane dynamics may be described by non- commutative gauge theory. On the other 
hand, it is known that the D-brane is properly described by Dirac-Born-Infeld action with 
appropriate background flux (see e.g., 0). Using this idea, Seiberg and Witten were able 
to find, among other things, an explicit differential equation that relates non-commutative 
gauge fields at different non-commutative parameter]^. This Seiberg- Witten differential 
equation can be integrated to find a transformation that changes ordinary gauge fields into 
non-commutative fields. 

The purpose of this paper is to show that the world-sheet perturbative string theory 
can capture above transformation. To this end, we integrate the differential equation in a 
special path to write ordinary gauge fields in terms of their non-commutative counterparts 
up to three non- commutative fields. The resulting transformation for abelian case contains 
two different multiplication rules. One is the familiar non-commutative * multiplication 
that appears in the definition of non-commutative gauge field strength and the other one, we 
call *' multiplication (see (|13])), operates as commutative multiplication rule between two 
non-commutative field strengths. We use this transformation to rewrite the ordinary DBI 
action in terms of non-commutative fields. The resulting field theory action which contains 
various new interactions between ordinary closed string and non-commutative open string 
fields are then compared with approperaite low energy contact terms of perturbative string 
theory. Our results in string theory side are fully consistent with the new interactions in 
field theory side. Hence, it shows that perturbative string theory knows about the solution 
of the Seiberg- Witten differential equation. 

One of the outcome of our calculations is that if one only replaces ordinary fields 
in the DBI action in terms of their non-commutative counterparts, the resulting action 
is not completely identical to the approperaite contact terms of string theory scattering 
amplitudes. To have an action that is fully compatible with string theory, one should 
transform ordinary multiplication rule between open string fields to the *' rule as well. 

The paper is organized as follows. In the following section we expand the DBI action 
to produce various interactions involving one closed and one or two ordinary open string 
fields. In Section 3, we integrate the Seiberg- Witten differential equation to transform the 
ordinary open string fields to their non-commutative counterparts. This transformation 
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leads us to propose that the ordinary multiphcation rule between two open string fields in 
the expansion of DBI action should be replaced by the commutative *' rule. In Section 
4, using the conformal field theory technique, we calculate various string theory ampli- 
tudes describing scattering of closed and open string states from the non-commutative 
Dp-branes. Using these string theory amplitudes, we determine various low energy am- 
plitudes and contact terms and compare them with the field theory results. We conclude 
with a brief discussion of our results in Section 5. Appendix contains our conventions and 
some useful comments on conformal field theory propagators and vertex operators used in 
our calculations. 



2 Dirac-Born-Infeld Couplings 

The world- volume theory of a single D-brane in type theory includes a massless U(l) 
vector Aa and a set of massless scalars X*, describing the transverse oscillations of the brane 



IP, The leading order low-energy action for these fields corresponds to a dimensional 
reduction of a ten dimensional U(l) Yang Mills theory. As usual in string theory, there are 
higher order a' = corrections, where is is the string length scale. As long as derivatives 
of the field strengths (and second derivatives of the scalars) are small compared to ig, 



then the action takes a Dirac-Born-Infeld form [|TT|. To take into account the couplings of 
the open string states with closed strings, the DBI action may be extended naturally to 
include background closed string fields, in particular, the metric, dilaton, Kalb-Ramond 



and tachyon field [ll2|, |13|. In this case one arrives at the following world- volume action: 



Sbi = -TpJ d^+V g{T)e-'' -det{Gab + B^b + 27r£2 F,,) (1) 



where the tachyon function is g{T) = 1 + T/4 + 3T /32 + ■ ■ ■ [|T2[. Here, Fab is the abelian 
field strength of the world-volume ordinary gauge field, while the metric and antisymmetric 
tensors are the pull-backs of the bulk tensors to the D-brane world- volume, e.g., 

Gab = Gab + '^Gi(^a db)X^ + GijdaX^dbX^ . (2) 

In general, the closed string fields are function of world-volume and transverse coordinates, 
i.e., X"- and X* respectively, however, for simplicity we assume they are just function of 
X". 

In order to find the interactions expected from the DBI action, we expand the action 
for fiuctuations around = 77^,^, 5^;^ = F°''^rja^rjbu, $ = 0. The fiuctuations should 
be normalized as the conventional field theory modes which appear in the string vertex 
operators. As a first step, we recall that the graviton vertex operator corresponds to 
string frame metric. Hence, one should transform the Einstein frame metric G^^ to the 
string frame metric g^y via G^y = e^/'^g^i,. Now with conventions of |]14|, the string mode 
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fluctuations take the form 



T = 2Kr 

= — 

X* = . (3) 



T 

Witli tliese normalizations, the pull back of the Einstein frame metric becomes: 

Gafe = r/,fe(l + -^0) + 2«:/i,, + ^(l + -^0)a,mA, + --- (4) 

where the dots represents terms with two and more closed string fields. 
Now it is straightforward, to expand eq. (|l|) using 

rfet(Mo + M) = Jdet{Mo){l + -Tt{Mq^M) - ]tt{Mq^MM^^M) + -(Tr(Mo~^M))2 

2 4 8 

+-Tr{MQ^MMQ^MMQ^M) - -Tt{M^^M)Tt{M^^MMq^ M) 
6 8 

+^(Tr(Mo-^M)f + ...) 

to produce a vast array of interactions. We are mostly interested in the interactions linear 
in the closed string fluctuations, and linear or quadratic in the open string fields. 

We begin with the linear couplings of the closed strings to the D-brane source itself 

£0,1 = -TpKc(^T + V''\ha-ha) + ^mV)-A)A (5) 



where we defined the overall square root of the metric as y—det{r]ab + J^ab) = c, and matrix 
V"''' as the dual of the metric, that is 



- {iv+^Fry' . (6) 

Next there are interactions involving one closed string mode and one open string mode, 
that is 

A,l = -^,Kc(^^V'''ha{lr + V^''{ha-ha) + ^mV)-A)<j>) 
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where fab = dattb — dbtta- We will need also to compare our results with the DBI terms that 
have one closed and two open string states, 

A.l = ~Kc(^{^-T+V^\ha-bba) + ^{TT{V)-4)<l)) 
xi^V^'daX'dbXr - \v^'fbcV"'fda + \{V'''' fbaf) 

-V^'ihbc - bbc + ^(pVbc)iV'%y^a\^ - V'fdeV'fffa + \v^''fda V'^ffe) 
+ ^(j)V^''^a\%X^ + V-\K, - h,)db\'da\^ 

+V''\K^^bda)X' - hibda]X'Wfdc - 2V''\h,(^,d,)X' - b,[bdc]X')V'^fdafrac) . (8) 

Finally, to compare the couplings of three open string states and massless poles of string 
amplitudes with the corresponding terms in the DBI theory, we will need also the following 
action: 

A,0 = -c(^^V'''daydbk-\v^''fbcV'''fda + l{V^'fbay) 

= -C^^iVsr''daX^dbX'-^iVsr'fbc{Vsr'fda) (9) 

where we have drop some total derivative terms in the second line above. 



3 From commutative to non-commutative variables 

Taking into account that the open string vertex operators correspond to non-commutative 
gauge fields 0, one should write the ordinary open string fields in terms of their non- 
commutative counterparts. In ^ the differential equation for non- commutative gauge field 
was found to be 

-A, * {D^Fab + ddPab) - (DdPab + d^Fab) * A,) + 0{F') (10) 
where the field strength and * product were defined to be 

Fab = daAh - dbAa - lAa * Ah + iA^ * Aa 
= daAb - dbAa -i[Aa, 

f{x)*9{x) = e^^-^:'^^'/(x')^(^")U'=x"=x . (11) 

Scattering amplitudes in the next section reproduce different couplings for finite 6. There- 
fore, to compare expected coupling of DBI action and string amplitude we should inte- 
grate the differential equation ([T0| ) to find relation between ordinary field strength, i.e., 
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^ab = Fab-^e'''(Fac*"FM + FM*"Fac-A,*"d,Fab-d,Fab*"AA+0{A^ 



Fab{G = 0), and its non-commutative counterpart, i.e., FabiO). We take the integral in the 
special path that 6ab is proportional to a scalar, i.e., 6ab = OiOab, and take integral over a 
from a = to a = 1. The result is 
1 
2 

where now the non-commutative *" product is defined to be 

e^^'^^K'^l" - 1 . 
f{x)* g{x) = . — f{x')g{x')\^'=^',=^ 

2 "ab(yx' x" 

to check the result, one may differentiate it to get equation (|1^) up to order 0{A^). For 
abelian case that we are interested in, the transformation becomes 

Fab = Fab-e'''[Fac*' FM-A,*'ddFab)+0{A') (12) 

where the commutative *' operates as 

?/ N / \ sin (1 6*06 9", 9^„) - 

fix)* g{x) = ' f{x)g[x %,=x.=x (13) 

Uab0^.iO^,i 
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Now if one compare equation (12) for infinitesimal 59 and finite ^, one may conclude that 
to go from ordinary product of two open string fields at 6' = to finite one should use 
the following transformation as well: 

fg\e=a — > f *' gWo (14) 

where / and g are any arbitrary open string fields. We will see in the next section that 
this multiplication rule is consistent with string theory scattering amplitudes of two open 
and one closed string states. 

Now with the help of equation (|1^) and (|T^), one can write the DBI coupling (0), (|D 
and (P) at = in terms of non-commutative fields at ^ 7^ corresponding to open string 
vertex operator. In doing so, one should first using (|1^ replace ordinary multiplication of 
two open string fields by the *' multiplication. Then, using (|12D, the ordinary fields are 
shifted to their non-commutative counterparts. For example, transformation of equation 
(I) up to three open string states becomes 

A,i = -Kc [i^r + V^'iha - ha) + ^(Tr(V^) - 4)0) 



-V-\h, - + rj^){V'^%X^ *' daX^ - V'^he *' V-fffa + \v"' ha *' V'^fj,) 
+ V'daX *' dtX^ + V'ih,, - kj)dtX' *' daX^ 

+ V''\K^,da)X' - b,[,da{X') *' V'^'^U - 2V'^\h,^,d,{X - 6,[,9,]A0 *' V'^ha ) • (15) 



We now turn to string theory side and evaluate these couphngs using the conformal field 
theory technique. 



4 Scattering Calculations 

In this section, we calculate various string scattering amplitudes. The amplitude describing 
scattering of two closed strings from D-brane with a background magnetic fiux was calcu- 
lated in p[. There by analyzing the t-channel of the amplitude, we were able to find the 
linear coupling of closed string fields to the D-brane and to show that they are consistent 
with the couphng in (^. 



4.1 Closed-Open couplings 

Here, we wish to compare the coupling of one massless non-commutative open string field 
and one closed string field on the D-brane to the results of the appropriate string couplings. 
In field theory, this coupling can be read from eq. (|^ and the transformation (|T^ . In string 
theory side, on the other hand, this coupling is given by the string scattering amplitude of 
one open and one closed string state from the D-brane, that is, 

A^''^'-^' ~ / dx, <fz, < V'^'ih, 0, Xi) V^^S-^S(P2, 82, Z2, Z2) > ■ (16) 

The details of the vertex operators appear in the Appendix. We already assumed in Sec. 2 
that the closed string fields in the DBI action (|^) are independent of transverse coordinates. 
In string theory side, it means that the momentum of closed string vertex operators have 
component only in the world- volume directions, i.e., pi = 0. The techniques in calculating 
the above string scattering amplitude may be found in refs. ||15|, 0, |16[ . The final result is 



^Ns,Ns-Ns ^ )L^(2kUQ-e2-D-g^rCi,-'^kUQ-e2-D-g^rc_ 



-p2,{D-g^rCi,Tr{62-D) 

= ^^Ci-G-P2 



MQ \ TpKC 

iNb.T V 



where D^^y and Q^v matrices coming from closed and open string vertices, respectively(see 
Appendix). We have also normalized the amplitudes at this point by —i^T'^Kcj^^ where 

1/ ^JXp, K and TpC are open string, closed string and D-brane coupling constants, respec- 
tively. Substituting the appropriate polarizations for the open and closed string fields from 
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the Appendix, one finds 

A{X,h) = ^jTpKc[CrN-e2V^-h + krV'^€2-N-C 
A{a, h) = -^pKc (CvV-e^V-ki - kvV€2V-Ci + A;i-Ki<iTr(£2-V' 



A{a,(t>) = -^^^(CiW-fci-A;iW<i + fcrV^Xi(Tr(V)-4)) 

A{a,T) = -^L__k,VA<i 

where here and in the scattering amphtudes in subsequent sections h stands for both 
graviton and Kalb-Ramond fields. In writing above equations, we have used the on-shell 
condition fci-KsCi = 0(see Appendix) and momentum conservation k^+p2 = 0. These terms 
are reproduced by the following action: 

A,i = -^,Kc(^^V^'ulr + V''\ha-ha) + ^{TT{V)~4)<j,) 

-V^'ih, - + -i=0r/,,)V^^'^/,, + 2V''\h,^,da)X' - k[,d,{y)^ . (17) 

This is consistent with the DBI interaction (0) and the transformation (|l^) up to two open 
string fields. Note that transformation of daX can be read from dimensional reduction of 
(0)- 



4.2 Open-Open-Open couplings 

Next, we turn to the coupling of three open string states. In string theory side this coupling 
is given by 

^^^'^^■^^ ~ / dx,dX2dx, < V^'iCu k„ X,) \/^^(C2, k2, X2) \/^^(C3, ^^3, X3) > 

where the appropriate vertex operators are given in the Appendix. Using the world-sheet 
conformal field theory, it is not difficult to perform the correlators above and show that 
the integrand is invariant under SL{2,R). Fixing this symmetry, one finds 

A = '-^^ikro-g^-c, cr^^^<2 + k,g.g^.c2 Ci-g-g^-Cs - h-G-g^ Ci C2-g-g\,) 

where we have defined / = —2ki-V'^-J^-V-k2 = 2fci-V^-/c2 and Va is antisymmetric part 
of the V matrix (^). We have also normalized the amplitude by the appropriate coupling 
factor —c/2nJTp. The sin(7r/) factor above arises basically from two different phase factors 
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corresponding to two distinct cyclic orderings of the vertex operators. Each phase factor 



steam from the second terms of the world-sheet propagator (^S]). Using polarization for 



scalar and gauge field, one finds the following non-vanishing terms: 

C Smf TTL 1 

A{a, a, a) = ^ {CrVs<2 CsVs-h + C2-1^s-C3 Cr^5-fc2 + Cr^5<3 C2-Vs-h) (18) 

where Vs is the symmetric part of the V matrix (^. These couplings may be reproduced 
by 

4o = -^^(2Vs^'dak*'[ab,\%-V^'h,*'V^''[ad,aa]M) (19) 

where the Moyal bracket is defined in (|11|) and the *' operates on the whole Moyal bracket. 
This fix the relation between the non- commutative two-form in (|lT]) and the background 
metric and flux to be 

^'^^ = AnVf . (20) 



The DBI interaction (|g) and the transformations (|J) and (p!2D, reproduce various terms 
having two, three and more open string fields. Terms which have three fields contain 
two different parts. One part is just above action and the other part which have three 
momentum may be verified to be zero. In action (|T9D , one may use , instead of another 
multiplication rule, e.g., ordinary multiplication or * multiplication all produce the 
same momentum space couplings ([l8|) . Hence, although above calculations of three open 
string couplings can fix the non- commutative multiplication rule in the definition of field 
strength, i.e., *, it can not however uniquely fix the multiplication rule between two open 
string field strengths. 



If one multiplies action (T^) with a closed string field, say tachyon, then the ordinary, 
* and *' and any other multiplication rule produce different momentum space couplings. 
In this case, string theory calculations can be used to fix uniquely the multiplication rule. 
To fix the multiplication rule between two open string fields, we calculate string theory 
couplings of two open and one closed string states in the momentum space. These can be 
extracted from string scattering amplitudes of two open and one closed string states from 
the non-commutative D-brane which we now turn to calculate them. 



4.3 Closed-Open-Open amplitudes 

Scattering amplitude of one closed and two open string states can be related to the appro- 



priate amplitude of four open string states in type I theory|14, 15]. However, type I theory 
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does not have open string tachyon, so the scattering amphtude describing the decay of two 
massless open string to one closed string tachyon in type is not related to the known 
amplitude in type I theory. So we explicitly calculate the tachyon amphtude, while using 
the idea in |T^, |15| we find the massless closed string amplitude from the known amplitude 
of type I theory. 



4.3.1 Tachyon amplitudes 

The amplitudes describing interaction of one closed string tachyon and two massless open 
strings is given by 

where the closed and open string vertex operators are given in the Appendix. Here again 
using appropriate world-sheet propagators from |]14|, one can evaluate the correlations 
above and show that the integrand in SL{2, R) invariant. Gauging this symmetry by 
fixing Z3 = i and X2 = 00, one arrives at 



X\ — I Xi + I 



xixi - iy-\xi + lY^^ 



where the integral is taken from —00 to +00, and s = —{psV^)"^ = —2kiVsk2- This integral 
is doable and the result is 

where ai and 02 are two kinematic factors depending only on the space time momentum 
and polarization vectors 

02 = is + l)CrG-G^<2 + CrG-P3C2-G-D'^-P3 ■ 

We have also normalized the amplitude ( PT| ) at this point by the coupling factor —iKc/2TT. A 
check of our calculations is that the amplitude (pi]) satisfies the Ward identity associated 
with the gauge invariance of the open string states, i.e., the amplitude vanishes upon 
substituting Qa — ^ia- This amplitude has the pole structure at mlp^^ = n/a'Q. 

^We explicitly restore a' here. Otherwise our conventions set a' = 2 
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4.3.2 NS-NS amplitudes 



Next, we evaluate the amplitude describing the decay of two massless open NS strings 
into one massless closed NSNS state. Using the idea in [|I^, we relate this amplitude 
to amplitude of four massless open NS strings. Hence, we begins with the closed string 
amplitude which is given by 

Ar^ J dx, dx2 dhs < V'^ih, Ci, X,) V^'^ih, C2, X2) V'^^'^ips, 63, Z,, Zg) > ■ (22) 

If one evaluated the above correlators, one would find that the integrand is SL{2, R) 
invariant. Similar to the tachyon amplitude, the appropriate way to fix this gauge would 
be to fix operators at {^3, xi, z^, X2} = {—i, y, i, 00}. 



To relate the calculation here to that of a four point amplitude of open superstrings[p!8 
we write the latter in SL{2, R) invariant form, that is 

yl J doc \doc '2doc '^doc ^ "^12 ^^13 ^2,3 *^24 *^34 



a' 



) (23) 

a;i2a^i33;24a;34 a^i33;i4a^232;24 

where the kinematic factors a[ and 

a'l = 4{CrC2C3<4fc2-fc3 + Cl<4A:i<2A;4<3 + C2<3 fc2<l fc3<4 
+C3<4fc3<2fc4<l + CrC2^2<3^lC4 " Cl<3fcl<2fc3<4 

-C2<4A;2<iA;4<3 - C3<4A;4<2fc3<i - CrC2 A;rC3A;2<4} (24) 
a'2 = 4{A;2-A;4Ci<4C2<3 + /i;2-A;3Ci<3C2<4 - CrC2C3<4A;2-/:;3 

-CrC4/i;rC2A;4<3 - C2<3^2<l/i;3<4 " C3<4 /i;3<2 /^4<1 
-CrC2fc2<3^lC4 + C2<3/^3<l/i;2<4 + Cl<4fc4<2fcl<3 

+C2<4h<lk2<3 + Cl<3h<2krC4} ■ (25) 

where ^j's are the polarization of external states. Since we are interested in this amplitude 
for transforming it to scattering amplitude of one closed and two open string states, we do 
not consider the phase factor associated with the second term of propagator (0). If one 
fixes the SL{2, R) symmetry by fixing the operators at {xi,X2, 2:3, X4} = { — 1, x, 1, cx)}, one 
finds 

A' ~ {2)^''^-^'-^ J'^\l + x)^'''-'''{l-x)^'''-''' 



'-1 

a'2 



(26) 



1 + X 1 — X 

Now scattering amplitude (^) can be read from amplitude (^) by replacing 
2ki ^ P3 ■ D , k2 ^ h - g , 2A;3 — > p3 , h k2 ■ Q , x ^ iy 
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Under these transformations the amphtude transforms to 



-oo 

ai 02 



I + iy ^ — iy' 
and the kinematic factors (123) and (ESI) become 



(2^ 



+2Ci-g€3-D^^-kips-g^-C2 + 2C2-g€3-D-g^-k2P3-g^-Ci 

-Ak2^-es-D-g^-h C2-g-g^Ci - 2C2^-es-D-ps k2-g^'^<i 

-2p3-D€3-D^^-Ci ki-g-g^-C2 
a2 = -2s c,-g€,-D-g^-C2 + {s + l)TT{e^-D)C,-g-g^-C2 -{s + i)C2-g€3-D-g^<i 

-2k2-g-es-D-g^-C2P3-D-g^<i - 2Ci-g-es-D^^-kiP3-g'^<2 

-2C2-g€3-D-g^-k2P3-g^-Ci - 2krg€jD^^-Cip^-Djg^-C2 
+2Ci-g€3-D-ps k^-g-g''-C2 + 2ps-D-Es-D-g^<2 k2-g-g^<i 

+Akrg€3-D-g^-k2 Crg-g^<2 + T:T{6s-D)p3-g^<i P3-D-g'^<2 . (29) 

The integral ( |2^ ) is doable and the result is the same as equation (|2T| ) with above kinematic 
factors. As a check of our calculations, we have inserted the dilaton polarization (|49|) into 
the kinematic factor and found that it is independent of the auxiliary vector i^. Another 
check is that the amplitude satisfies the Ward identity associated with the gauge invariance 
of the open string states. 



4.3.3 Massless poles 

Given the general form of the string amplitude in eq. (pT]), one can expand this amplitude as 
an infinite sum of terms reflecting the infinite tower of open string states that propagate on 
the world- Volume of D-brane. In the low energy domain, i.e., a'mopen << 1, the first term 
representing the exchange of massless string states dominates. In this case the scattering 
amplitude ( ^1]) reduces to 

iKCsin(7r/), , , , 

A = -^^(ai + a2) + --- (30) 

where dots represent contact terms and the infinite massive poles. Making the appropriate 
explicit choices of polarizations, we find 

< / , , N mcsin(7r/) ^ 
A,{X, A, r) = ^ \ lCrN-C2) + 1^2 

OTTS 
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As{a, a, r) = '-^^^^{[CiVs<2 + CvV^V. + 1-2 

^(A, A, <P) = !^|^^(l(Tr(D) + 2) - AhVV-hKvN-C2 + 1-2 (31) 
87rv2s 2 

87rv2s 2 
+4fci-V^5<2(P3-V^-^<i - CrV^-V^-Pa) - AhVV-k2CiVs<2) + 1-2 

/TTS 

A,(A, A, h) = '-^^^^{LTT{e,-D) - AkrV-elV-h)CrN-C2 + 1-2 

A,(a, a, h) = !^^|^(Tr(e3-/^)(P3-V^<iP3-l^^<2 + ^CrV5<2) - AhV-elV-k2CiVs<2 

+2(p3-D-£3-^^<2 - C2V^-ez-D-p^)CiVs-k2) + 1^2. 

In writing explicitly the above massless poles, one finds some terms which is proportional 
to s as well. We will add these terms which have no contribution to the massless poles 
of field theory to the contact terms in (^). These amplitudes should be reproduced in 
s-channel of field theory. We present the calculation explicitly for the decay of two gauge 
fields into tachyon. This amplitude can be evaluated in field theory as 

A',(a,a,r) = {V^af [G a) ab{Vaaaf (32) 

where the propagator and the vertices can be read from (^, (|17D and (plOl) . They are 



(Ga) 



' TpKjC 



{VaaaT = ^^^^ (Cr^5<2fcl - 2fcr^5<2Cl)-^5 + 1 - 2 . (33) 

27r \/Tp 

In writing the above propagator from (P), we have used the covariant gauge Vg'^daAt, = 0. 
Replacing above propagator and vertices into (|32D, one finds exactly the string massless 
pole As{a,a,T). Similar calculations for the other open string modes reproduces exactly 
the corresponding massless poles of the string amplitudes (pl|). 

Although the whole string scattering amplitude (^TJ) is gauge invariant, vanishing upon 
substituting Qa — ha, its massless pole (|31|) is not gauge invariant which can be checked 
explicitly. So one expects that the low energy contact terms of string amplitude not to 
be gauge invariant either. However, combination of the massless pole and contact terms 
should be gauge invariant. We turn now to evaluate these low energy contact terms of 
string amplitude (pTT) 
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4.3.4 Contact terms 



Having examined in detail the massless poles of string amplitudes, we now extract the 
low energy contact terms of the string amplitude (^). Expanding the gamma function 
appearing in this amplitude, one will find 

mc / ai + a2 , sin(7rZ) ai — sin(7r/) 

+ + a^f^^ E C(2n + + eO{s, l)] . (34) 

n=l / 

The factor sin(7r/) / (tt/) appears for all the contact terms. This indicates that multiplication 
rule between any two open strings is However, as we will see in a moment, some of the 
terms in the kinematic factors ai and 02 are proportional to /. Hence, these terms have 
overall factor of sin(7r/) which produce the non-commutative multiplication rule * instead of 
*' in field theory. It is important to note that this higher order derivative terms associated 
with * or *' are not the ones that steams from massive pole of string amplitude. This 
factors appear for both the low energy contact terms and the contact terms corresponding 
to massive poles. Terms in the first line of (0) are the low energy massless pole and 
contact terms, whereas the terms in the second line are effect of the massive poles of the 
string amplitude (pTf ). 

As anticipated above, not all the low energy contact terms are gauge invariant. There- 
fore, we separate the contact terms into gauge invariant and gauge non-invariant terms. 
Moreover, we divide the gauge non-invariant terms into two parts, terms which have, apart 
from the overall factor, no momentum and two momenta. That is 

'^^^^{a,-a,) ^ AY + A:^ + AI (35) 

where A^ , A^^ and are gauge non- invariant terms which have no momentum, two 
momentum and gauge invariant terms, respectively. The A^^ terms are: 

a,a,r = ^^QiVj^Ci 

A^{X,a,h) = _ ^^^^in(vr/) ^^^.^.^^.^t^^ ^ C,.V^.e,N.C,) 

ZTT 

A^\a,a,h) = (^^■yT^3.v-^.C, - CrV^.e,V^<, - ^Tr(53-Z^)CrVA<2) ■ 

In all above terms, the factor sin(7r/) / (vr/) reduces to sin(7r/) which produces * operator 
between two open string fields. In fact it is not difficult to see that above terms exactly 
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reproduce by the following action: 

^2,i = '-^TT(^lv^'[a,,aa]M{lT + V'^\ha-h.) + ^^ (36) 

-V^'ih, - + -L^r],,)V'''[ad, aaU + 2V''\hi^t[aa),y]M - h^tiaa], V]m) j 

where the non-commutative parameter of the Moyal bracket is the one appearing in (^). 
Appearance of the Moyal bracket in is consistent with the transformation (|T2|). 

The gauge non-invariant terms A^^ are: 

A2^{a, a, 0) = ((Tr(Z}) + 2)krVA<ikrVA<2 

-2krVA<2{krV-V<i - (rV-V-ki)) + 1^2 (37) 
A7{X, a, h) = {2CrN.es-V^-k, + 2krV^.e,-N.C,) (.VA-k^ 

A:\a,a,h) = '-^^^^^ (Tr{es-D)krVA<ikrVA<2 

-2krVA<2{krV€^V-Ci - (rV-elV-k,)) +1^2. 

It is easy to check that, as expected, under replacing Qa — > kia the non-zero terms of 
A^^ + A^^ cancels exactly the non-zero terms of the massless poles in (0). The factor 
sin(7r/) / (tt/) reproduces the *' operator between two open string fields. Above momentum 
space couplings are reproduced by the following action: 

-V^hde - bde + -^(t^rideW'fdJf, + 2V'\h,^,d,)d,X - h^,d,^d^X)]^ ^ . (38) 

Here also appearance of the non-commutative gauge field and derivative of field strength 
is consistent with the transformation ([T2|). 

We turn now to the gauge invariant terms. The contact terms of two open string scalars 
and one closed string are: 



^?(A,A,0) = ^^^^^((Tr(D) + 2)(-<,Ar.G) 

-4(s + krVV-k2 + k2V-V-ki)CrN-(2) (39) 
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AliWh) 



-Tr(£3-/^)(-sCriV<2) 



These terms reproduce exactly by approperaite terms in (|T^). This confirms the conjec- 
tured multiphcation rule (14) between two open string fields. Now the other gauge invariant 
contact terms are 



Al{X,a, h) 



Al{a, a, 



i/tc sin(7r/) 



27r/ 



+s{CrN€3V^-C2 - C2-V^€3-N-C^) - 2k2-VA<2{krV€,-N-C, + (rN■es■V■k^)) 
inc sin(7r/) 



AttI 



iCrVA-k,C2-VAk2 



I s 

+ -CrVA<2 - -CrVs<2 + CiVAk2C,2VAki - CiVs-k2C2Vs-ki 
inc sin(7r/) 



((Tr(D) + 2)CrVA-k,C2-VAk2 - AkrVA<iik2VV-C2 - C2-V-V-k2) 



A^{a, a, h) 



+ (Tr(D) + 2)(^CrKi-C2 - ^CrVs<2 + CrVA-A;2C2-Ki-A;i - CrVs-fc2C2-V^5-A;i) 

+2sCiW<2 - ACrV^C2kiVV-k2 + Ak2Vs<i{krVVi2 + C2V-V-ki)) (40) 
ihic sin(7r/) 



AtiI 



(Tr(£3-/^)CrVA-A;iC2-V:4-A;2 - ^krVA<i{k2V-el-V<,2 - C,2V-el-V-k2 



+Tr(£3-/^)(^CrVA<2 - |Cr^5<2 + CrKi-A;2C2-K4-A;i - CiVs-k2C2Vs-ki) 



+2sCiV€i,V-C2 - ACvVs<2kvV-el-V-k2 + 4A;2-V5<i(A;rV€^V<2 + C2V-ei,-V-k 



plus (1^2) for equations that have two gauge fields. These gauge invariant terms are not 
fully consistent with the DBI terms in (|1^). However, adding the following terms to (p!5|), 
the resulting action reproduces all the contact terms in (^OD , 



'-2,1 



V)(V^'='/de*' iVAY^ ffa) 



2V2 



+V^'ih,h - hb)dcX' *' (VA^fda + {VAT'ih,, + hc)db\' *' V'^'U) ■ 



\ cd 



ab / 



\i , ' T red . 



(41) 



Now the string theory contact terms in equations ([T7|), (PB|), ( PH]) and (5T) are exactly the 
DBI interactions (^ in which using the transformation (|12D with the normalization (^ its 
ordinary fields are written in terms of their non-commutative fields up to three open string 
fields. This ends our illustration of consistency between string theory scattering amplitudes 
and ordinary DBI action in which using transformations ([12D the ordinary open string fields 
are written in terms of non-commutative fields. 
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5 Discussion 



Having integrated the Seiberg-Witten differential equation in a special path, we write 
ordinary gauge fields in terms of non- commutative fields for finite non-commutative two- 
form parameter. We then use this change of variables to express the ordinary DBI action in 
terms of non- commutative fields. We have also proposed a transformation for multiplication 
of two arbitrary open string fields when one write DBI action in terms of non-commutative 
variables. The resulting action was then compared with various world-sheet perturbative 
string theory scattering amplitudes. We find completely agreement between the field theory 
and string theory results. This indicates that the perturbative string theory knows about 
the Seiberg-Witten differential equation. 

Our calculations of string scattering amplitude of two massless open and one closed 
string states confirmed our proposed commutative multiplication rule between two 
open string fields. It would be interesting to perform the calculation of one closed and 
three open string states to find transformation of multiplication rules between three open 
string states. 

The scattering amplitudes considered in this paper fixed the relation between ordinary 
and non-commutative fields up to three non-commutative fields. In principle, the pertur- 
bative string theory knows about all the terms in this change of variable. So it would 
be interesting to extend our method to higher point functions to find other terms of the 
relation. 

In section 4.2 we reach to the conclusion that string scattering amplitude (0) reproduce 
the action (|T9|) in field theory. In |^, Seiberg and Witten conclude different action, i.e., 
similar to (|19D with * instead of *' operator. These two actions are identical up to some 
total derivative terms. In fact, using the antisymmetric property of the non-commutative 
parameter, one finds 

up to some total derivative terms. 

Our calculations of string scattering amplitude of two open and one closed string states 
from non-commutative D-brane are also original. Using the two-dimensional conformal 
field theory, we performed calculations for scattering amplitude of two massless open string 
states and one closed string tachyon explicitly. Whereas, using the idea that scattering 
amplitude of open and closed string states can be read from approperaite amplitude of 



only open string states p4|, p!5[| , we were able to find an expression for scattering amplitude 



of two open and one massless closed string states from non-commutative D-branes. 
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A Perturbative string theory with background field 



In perturbative superstring theories, to study scattering amplitude of some external string 
states in conformal field theory frame, one usually evaluate correlation function of their 
corresponding vertex operators with use of some standard conformal field theory propaga- 
tors |]TP[|. In trivial flat background one uses an appropriate linear ex- model to derive the 
propagators and define the vertex operators. In nontrivial D-brane background the ver- 
tex operator remain unchanged while the standard propagators need some modification. 
Alternatively, one may use a doubling trick to convert the propagators to standard form 



and give the modification to the vertex operators In this appendix we would like to 
consider a D-brane with constant gauge field strength / or antisymmetric Kalb-Ramond 
field in all directions of the D-brane. The modifications arising from the appropriate linear 
(T-model appear in the following boundary conditions 

dyX"" - iT\d^X'' = for a,6=0,l,---p 

X' = for i =p+l,---9 (42) 

where J^ab are the constant background fields, and these equations are imposed at y = 0. 
The world- volume (orthogonal subspace) indices are raised and lowered by ri°'^{N^^) and 
Vab{Nij), respectively. Now we have to understand the modification of the conformal field 
theory propagators arising from these mixed boundary conditions. To this end consider 
the following general expression for propagator of X'^{z, z) fields: 

<X^'{z,z)X''{w,w)> = -r]'"'\og{z~w)-7]f"'\og{z-w) 

-D^''\og{z-w)-D''^'{z-w) (43) 

where D^'^ is a constant matrix. To find this matrix, we impose the boundary condition 



(1^) on the propagator (|5), which yields 

^ab _ jjba _ -pab _ -pa^jjbc ^ g ^^^^ 

for the world-volume directions, D^^ = —N^^ for the orthogonal directions, and D*" = 
otherwise. Now equation (^) can be solved for D"''', that is 

D,, = 2{r]-J^)il'^ -r^ab (45) 

= 2Vha-Vab (46) 



^ Our notation and conventions follow those established in So we are working on the upper- half 
plane with boundary at y = which means dy is normal derivative and dx is tangent derivative. And our 
index conventions are that lowercase Greek indices take values in the entire ten-dimensional space-time, 
e.g., ^,,v = 0, 1, . . . , 9; early Latin indices take values in the world-volume, e.g., a,b, c — 0,1, . . . ,p; and 
middle Latin indices take values in the transverse space, e.g., i,j = p+l,...,8,9. Finally, our conventions 
set f=a' = 2. 
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where matrix V is the dual metric that appears in the expansion of DBI action (^. Note 
that the D'^'^ is orthogonal matrix, i.e., D^aD""" = v'^"- 

Using two dimensional equation of motion, one can write the world-sheet fields in terms 
of right- and left-moving components. In terms of these chiral fields, closed NSNS and open 
NS vertex operators are 

l^^SNS ^ ■.Vn{X{z),ij{z),4>{z),p) ■.■.Vm{X{z),ij{z),4>{z),p) : 
V""^ = ■.Vn{X{x)+X{x),ij{x)+ij{x),(P{x) + ^{x),k) : 

where ip'^ is super partner of world-sheet field and (p is world-sheet superghost field. 
The indices n, m refer to the superghost charge of vertex operators, and p and k are closed 
and open string momentum, respectively. In order to work with only right-moving fields, 
we use the following doubling trick: 

X^'{z) — y D^'^X^'iz) ip^'iz) — > D^'^'^l)^{z) 0(^) — > 0(z) . (47) 

These replacements in effect extend the right-moving fields to the entire complex plane 
and shift modification arising from mixed boundary condition from propagators to vertex 
operators. Under these replacement, world-sheet propagator between all right-moving fields 
take the standard form except the following boundary propagator: 

tlx 

< X'^(xi) X^(x2) > = -r]^" log(xi - X2) + y^'^''e(xi - X2) (48) 

where Q{xi — X2) = 1(— 1) if a;i > X2{xi < X2). Note that the orthogonal property of the D 
matrix is an important ingredient for writing the propagators in the standard form. The 
vertex operators under transformation (^) becomes 

yNSNS ^ V^{X{z),ij{z),^{z),p) ■.■.VUDX{z),Dij{z),(P{z),p) : 
V^^ = -.VniXix) + DX{x),iP{x) + Dij{x),2(l){x),k) : . 

The vertex operator for closed string tachyon, massless NSNS and massless NS states are 

= ■.Vn{p,z)::VUpD,z): 
F^s^s = ie-D),^:Vj:ip,z)::V::,ipDrz): 
= m,:V^^{2k.V^,x): 

where G"^ = (//'''' + D'''')/2 = V^" for gauge field, Q'^ = {r]'^ - D'^)/2 = m for scalar field 
and = otherwise. The open string vertex operators in (0) and (—1) pictures are 

v^'iKx) 
vMk,x) 

Vo{k,x) 
V^i{k,x) 



= (dX^'ix) + ik^{x) V^'^(x)) e'''-^^^^ 
= e-'^(^V^(a;)e*^-^(''^ 
= ifc-^(x)e''=-^(") 
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The physical conditions for the massless open string are 

k-Vs-k^O , kVs-C^O 

and for massless closed string are = and Pf^e^'^ = where e is the closed string 
polarization which is traceless and symmetric(antisymmetric) for graviton(Kalb-Ramond) 
and 

£^^'^ ^ J-^r]^'^ - £^^p•^ - rpf^) , £^ ^ l (49) 
v 8 

for the dilaton. Using the fact that D^'^ is orthogonal matrix, one finds the following 
identities: 

where the is symmetric part of the Q matrix. 
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